ABSTRACT This paper is concerned with the issue of nonlinear dynamic surface control for an underactuated translational oscillator with a rotating actuator (TORA). The nonlinear feedback cascade model of the underactuated TORA is obtained through a collocated partial feedback linearization and a global change of coordinates. A nonlinear controller is designed to treat the state variables as virtual control inputs to design the virtual controller step by step. Dynamic surface control is used to avoid the ''explosion of complexity'' in the backstepping design process. Considering that there is no affine appearance of the variables to be used as virtual controls for the second state, the first step is designed for a one-input and two-state system. It is proved that the proposed design method can guarantee semi-global uniform ultimate boundedness of all signals in the closed-loop system with arbitrary small tracking error by appropriately choosing design constants. The simulation results demonstrate the effectiveness of the proposed approach.
I. INTRODUCTION
The TORA (translational oscillators with rotating actuator) is a classical underactuated mechanical system, which is composed of a non-actuated translational oscillator and an actuated pendulum. The research of control strategy for the TORA systems is of great theoretical significance because it exhibits a specific nonlinear interaction between translational and rotational movements, which makes it an ideal benchmark system for testing advanced nonlinear control algorithms [1] , [2] . Moreover, since the rotational/translational interaction is quite analogous to the spin interaction of a dual-spin spacecraft [1] , [7] , it presents very similar dynamical characteristics to the dual-spin spacecrafts. Therefore, the research motivation to control the TORA may be an independent interest to control the TORA as a benchmark problem with an advanced nonlinear control algorithm or the possible application to suppress the translational vibration with a rotational actuation.
It is difficult to realize the TORA stabilization control through the linearization approach, because it cannot be globally feedback linearized for its nonminimum phase nature and weak nonlinear interaction between the translational oscillations and the rotational motion. The challenging control problem has attracted a considerable amount of attentions from many researchers. Some focus on the intelligent design methods [1] - [4] and some focus on the nonlinear design methods [5] - [16] . Among the intelligent design methods, the fuzzy methods are proposed [1] - [3] and there are some fuzzy rules and parameters to be preset. A neural network controller is proposed with SPSA Algorithm [4] and a time-consuming learning process is needed. Among the nonlinear design methods, such as adaptive control [5] , [6] , nonlinear control [7] - [9] , energy-or passivity-based control [10] - [12] , repetitive control [13] , and sliding mode-based design [1] , [3] , [10] , [14] , the design processes and the obtained controllers are relatively cumbersome. A comparison study of nonlinear control techniques for the TORA is performed [10] . The energy-based hybrid, entropy-based hybrid, and the sliding mode control techniques are experimentally validated and compared on the example of the RTAC test-bed. The experimental results indicate that the energybased hybrid and the entropy-based hybrid controllers use less control effort than the sliding mode controller while stabilizing the zero-equilibrium state in less time.
The backstepping design provides a systematic framework and recursive design methodology for nonlinear control and some attempts [15] - [18] are made for the TORA. In [15] and [16] , the TORA is transformed into a cascade interconnection of a nonlinear core subsystem and a linear subsystem. The core subsystem is designed with the nonlinear control proposed in [7] , and the linear subsystem is designed with the classic backstepping technique. In [17] and [18] , a composite state variable is respectively defined to begin the backstepping process and thus the design process must depend on the composite state variable. A review is reported in [19] about the control of second order underactuated mechanical systems (including TORA) by Krafes et al.
The DSC (dynamic surface control) concept introduced by Swaroop et al. [20] resolves some issues in the backstepping design process by using the linear low pass filters. It not only addresses the ''explosion of complexity'' in the backstepping process, but also solves the problem to find the state reference trajectory derivative numerically. Many adaptive-, fuzzy-and neural network-based DSC solutions [21] - [23] have also been reported. The adaptive, fuzzy or neural network is designed to approximate an unknown function or a variable in the backstepping process. Only one classical DSC technique was designed to control a nonlinear underactuated TORA [16] . As above mentioned, the core subsystem is designed with the nonlinear control proposed in [7] , the linear subsystem is designed with classic DSC and the stability of the closed loop system is analyzed by exploiting its twotime scale nature and applying concepts from Singular Perturbation Theory only when the filter time constants are set arbitrarily small.
In this paper, we are interested in classical nonlinear DSC only, and the reasons are, on one hand, the systematic stable DSC design method has not been reported yet for the TORA, on the other hand, it is not difficult to propose an adaptive-, fuzzy-or neural network-based solution to approximate an unknown function or a variable when there is a classic DSC solution. The main contributions and significance of this paper are summarized as follows:
1) Due to the weak, sinusoid-type nonlinear interaction between the translational oscillations and the rotational motion and there is no affine appearance, two states are considered together to perform the first backstepping step, thus, the proposed approach combines the backstepping technique with the control theory for the linear time-invariant system and the DSC. 2) To the best of our knowledge, this is the first attempt to systematically design a controller with dynamic surface control and theoretically prove the stability for the underactuated TORA and that is one of our effort in this article. Although the DSC for TORA is proposed in [16] , the control algorithms for the core and linear subsystems are respectively designed and the stability is analyzed under a very strong condition, i.e. the filter time constants are arbitrarily small (equal to zero).
3) A simple controller is obtained to stabilize both the translational oscillator and the rotational actuator. The dynamics of TORA system are similar to those of many other underactuated systems, such as inertia wheel pendulums, ball and beam systems, Acrobot, etc. In this sense, the proposed control method indicates a feasible and promising solution for the control of these systems. The rest of the paper is organized as follows. The section II is the description and preliminary of the TORA system, where the system dynamics are transformed to a nonlinear feedback cascade model; a nonlinear controller is designed with dynamic surface control in section III; and the stabilization is analyzed in section IV; and finally, some simulations are performed to validate the effectiveness and feasibility of the proposed control approach in section V.
II. THE TORA SYSTEM MODEL
The TORA is shown schematically in FIGURE 1. The oscillator consists of a cart of mass m 1 connected to a fixed wall by a linear spring of stiffness k. The cart is constrained to have one-dimensional travel and its position is q 1 . The rotational actuator with the output torque τ is attached to the cart and it has a pendulum with the equivalent mass m 2 , the rotate radius r, the moment of inertia I and the rotate angle q 2 . Since the rotating torque cannot drive the cart directly, it is a benchmark example of the underactuated mechanical system, which has one control input τ and two configuration variables (q 1 , q 2 ), and its Euler-Lagrange equations of motion can be obtained as
Since the partial feedback linearization technique proposed by Spong [24] can simplify the system dynamics. The following collocated partial feedback linearization [24] is adopted
and it simplifies the dynamics of the shape variable q 2 as
The global change of coordinates
proposed by Olfati-Saber [7] transform the system dynamics into a nonlinear system as
Therefore, the system model of TORA can be described with a nonlinear feedback cascade model as
III. THE NONLINEAR CONTROLLER DESIGN THROUGH DYNAMIC SURFACE CONTROL
Since the model of TORA can be transformed into a cascade nonlinear system through the collocated partial feedback linearization (2) and the global change of coordinates (3), a nonlinear controller can be designed with the backstepping technique. The system dynamics can be rewritten as
where,
The design process is:
Step 1: In this step, both the system state x 1 and the system state x 2 are considered. From the dynamic equations of state x 1 and x 2 in the TORA system model (6)
It can be seen that only x 3 is in the dynamic equations (7) of states x 1 and x 2 while the equation of state x 2 is nonaffine. So x 3 is looked as the virtual control input in equation (7) to control the system state x 1 and x 2 . A reference trajectoryx 3 is defined for x 3 to track as
where, k 1 and k 2 are the positive design constants that are chosen such thatẍ
is asymptotically stable at (x 1 ,ẋ 1 ) = (0, 0). To avoid repeatedly differentiatingx 3 , which leads to the so-called explosion of complexity in the sequel steps, the DSC technique is employed to solve it. Introducing a first-order filter x 3d , and lettingx 3 pass through it with time constant τ 3 yields
Defining the filter error y 3 = x 3d −x 3 , we havė
The design objective is to stabilize the underactuated TORA so that the desired values of both x 1 and x 2 are zero. Thus, the error variables for x 1 and x 2 are
The error equation for x 1 and x 2 can be written aṡ
According to the control theory for the linear time-invariant system [25] , the positive design constants k 1 and k 2 can ensure the existence of two positive definite symmetry matrices
Consider the Lyapunov function candidate
Its time derivativeV 12 is given bẏ
Step 2: In this step, the design process is for the system dynamicsẋ 3 = x 4 in equation (6) .
The error variable is defined as
where x 3d is obtained from the step 1. Considering (6) and differentiating z 3 with respect to time yieldsż
Invoking (17), the time derivative of V 31 is given bẏ
Assuming x 4 as a virtual control input, the desired feedback controlx 4 can be designed to makeV 31 ≤ 0 as
Introduce a new state variable x 4d and letx 4 pass through a first-order filter with time constant τ 4 to obtain x 4d
Defining the filter error y 4 = x 4d −x 4 , we havė
We modify the scalar positive Lyapunov function V 31 ≥ 0 as
Step 3: In this step, the design process is for the system dynamicsẋ 4 = u in equation (6) .
where x 4d is obtained from the step 2. Considering (6) and differentiating z 4 with respect to time yieldsż
Invoking (26), the time derivative of V 1 is given bẏ
The system control variable u enters in the right hand of the equation (28). So, in order to make theV 4 be negative definite, we can make the following equation hold. 
It can be seen from the design process: Only three steps are needed to obtain the nonlinear controller with the backstepping technique. The first step is designed for a one-input and two-state system, the second step is designed for a one-input and one-state system, and the third step is to obtain the controller.
IV. STABILITY ANALYSIS
In this section, the semiglobal boundedness of all the signals in the closed-loop system will be proven. The stability analysis of the DSC system is more complicated than that of nonlinear control via backstepping due to the existence of the extra first-order filters. To prove the boundedness, the firstorder filter errors are rewritten as follows:
(31)
and the corresponding differentialṡ
In view of (12),ż 2 can be described as a function of (z 1 , z 2 , y 3 ), and then from (7), x 3 is a function of (z 1 , z 2 , y 3 ). According to (25) , (32) (20) and (10),
that is to say, x 4 is a function of (z 3 , z 4 , y 3 , y 4 ). Therefore,ẏ 3 can be written aṡ
is a continuous function,ż 3 =ẋ 3 −ẋ 3d = x 4 +y 3 /τ 3 , i.e.ż 3 is a function of (z 3 , z 4 , y 3 , y 4 ).ẍ 3d = −ẏ 3 /τ 3 also is a function of (z 1 , z 2 , z 3 , z 4 , y 3 , y 4 ) . Therefore,ẏ 4 can be written aṡ
where, B 4 (z 1 , z 2 , z 3 , z 4 , y 3 , y 4 ) = c 3ż3 −ẍ 3d is a continuous function. Theorem 1: Consider the TORA system described by equation (1) under the control input (29) with the feedback cascade model (5) and the global change of coordinates (3). There exist constants k 1 > 0, k 2 > 0, c 3 > 0, c 4 > 0, τ 3 > 0, τ 4 > 0, p > 0 and positive definite symmetry matrix P, satisfying V (0) ≤ p, such that the overall closed-loop control system is semi-globally stable in the sense that all of the signals in the closed-loop system are uniformly bounded, and the tracking error can be made arbitrarily small by properly choosing some design parameters.
Proof: Consider the Lyapunov function candidate According to (15) , (24) 
where, γ is given by
To ensure the closed-loop system stability, the corresponding design parameters k 1 , k 2 , c 3 , c 4 , τ 3 , τ 4 and matrix P should be chosen to make the following inequalities hold:
Thus, all signals of the close-loop system, i.e. z 1 , z 2 , z 3 , z 4 , y 3 and y 4 are semi-globally uniformly ultimately bounded. Moreover, by increasing the values of c 3 and c 4 , reducing the value of τ 3 and τ 4 , or adjusting the values of k 1 , k 2 and matrix P, i.e. increasing the value of γ , the quantity 1/γ can be made arbitrarily small. Thus, the tracking error may be made arbitrarily small.
The global change of coordinates (3) is an invertible transformation, which is
It can be seen from equation (36) that (x 1 ,ẋ 1 , x 2 ,ẋ 2 ) approach to a small neighborhood of (0, 0, 0, 0) implies that (q 1 ,q 1 , q 2 ,q 2 ) approach to a small neighborhood of (0, 0, 0, 0). That is to say, the control input τ that can be calculated with equation (2) and (36) can control (q 1 ,q 1 , q 2 ,q 2 ) of the TORA system to approach to a small neighborhood of (0, 0, 0, 0). This concludes the proof. 
V. SIMULATION STUDIES
In order to validate the proposed nonlinear control algorithm, the following system parameters that are same with [7] say, the simulation results not only show the effectiveness and the stability of the proposed controller that is proven by theory but also show that it is possible to suppress the translational vibration with a rotational actuation so as to be extended to some other applications.
From amounts of simulation results, it is found that the controller is asymptotically stable and the system state can be stabilized to the zero state, i.e. (q 1 ,q 1 , q 2 ,q 2 ) = (0, 0, 0, 0), but a feasible Lyapunov function cannot be found to prove the asymptotic stability. Therefore, it is only proved that the system asymptotically approaches to a small neighborhood of (0, 0, 0, 0) and all signals of the close-loop system are semi-globally uniformly ultimately bounded. Moreover, the control performance can be improved through adjusting the parameters of the proposed control algorithm.
By comparing with some of the literature [11] - [16] , we can find that the proposed design process and controller are more simple and the system stabilization is proved. From the design process, we can see that the proposed control scheme for the TORA system does not need complex analysis and can be understood easily and intuitively.
The simulation comparisons between the proposed theory and the existing result can be refer to the FIGURE 2(a-d) and FIGURE 5(a-d) that are simulated according to [16] with the following controller parameters: a = 1.15, c 1 = 30, K 1 = 1.2, K 2 = 2.5, τ p,q = 0.01. It can be seen that the proposed algorithm can drive the system trajectories converge to the equilibrium point more faster than the existing result. Moreover, though it will be smoother, the maximum value of control input of [16] would be bigger than our method. In view of the above two points, our proposed method would be more beneficial to actual circumstances.
VI. CONCLUSIONS
The underactuated TORA is transformed to a nonlinear feedback cascade system with a collocated partial feedback linearization and a global change of coordinates. A nonlinear DSC control algorithm is obtained with the backstepping process and the linear first-order filters. The design process treats the state variables as virtual control inputs to design the virtual controller step by step. The first step is designed for a one-input and two-state system, the second step is designed for a one-input and one-state system, and the third step is to obtain the nonlinear controller. The system stability is proved via the Lyapunov stability theorem and the control performance is demonstrated with some simulation results. 
